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Abstract 

The aim of these three papers (I, II, and III) is to develop a q-deformed 
version of non-relativistic Schrodinger theory. Paper I introduces the 
fundamental mathematical and physical concepts. The braided line 
and the three-dimensional q-dcformcd Euclidean space play the role of 
position space. For both cases the algebraic framework is extended by a 
time element. A short review of the elements of q-deformed analysis on 
the spaces under consideration is given. The time evolution operator 
is introduced in a consistent way and its basic properties are discussed. 
These reasonings are continued by proposing q-deformed analogs of the 
Schrodinger and the Heisenberg picture. 
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1 Introduction 

From the beginning of quantum field theory to the present day there is a 
great hope that the occurrence of infinities in the formalism of quantum 
field theory results from an incomplete description of space-time at very 
small distances [1]. Bohr and Heisenberg have been the first to suggest that 
quantum field theories should be formulated on a space-time lattice, since 
it would imply the existence of a smallest length [2] . One of the earliest and 
most serious attempts towards this goal was the concept of 'quantized space- 
time' due to Snyder [3,4]. Of course there were many other researchers who 
took up this idea over and over again (see for example Refs. [5-8]) and each 
of the different approaches has its own difficulties and advantages. However, 
with the arrival of quantum groups and quantum spaces [9~20] in the eighties 
of the last century a new, very promising method to discretize space and 
time seems to be available [21,22]. The observation that it leads to very 
realistic deformations of classical space-time symmetries nourishes the hope 
for a new powerful regularization schema [23-25]. 

In this paper attention is focused on q-deformed quantum spaces [26-31]. 
(For other deformations of space-time see Refs. [32-38].) Concretely, we deal 
with the so-called 'braided line' and the three-dimensional q-deformed Eu- 
clidean space. The braided line can be viewed as deformation of the set 
of real numbers, while the three-dimensional q-deformed Euclidean space is 
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nothing other than a non-commutative version of the classical three dimen- 
sional Euclidean space. Essentially for us is the fact that on both spaces 
differential calculi exist which are recognized as q-analogs of classical transla- 
tional symmetry [39-43] . The aim of our paper is to show that this algebraic 
framework is suitable to formulate a q-deformed version of non-relativistic 
Schrodinger theory. 

Towards this end we first extend the coordinate algebras of braided line 
and three-dimensional q-deformed Euclidean space by a time element in such 
a way that it perfectly fits into the existing algebraic structures. Section [2] is 
devoted to this task. Our considerations will show us that the time element is 
central in the corresponding space-time algebras and is decoupled from space 
coordinates. In Sec. [3] these results are combined with those of our previous 
work in Refs. [44-50] to give a q-deformed version of analysis to the extended 
quantum spaces of braided line and three-dimensional q-deformed Euclidean 
space. In doing so, we present expressions for calculating products, partial 
derivatives, integrals, exponentials, translations, and braided products on 
the quantum spaces under consideration. We will see that due to its special 
algebraic properties the time element behaves like a commutative coordinate 
and the expressions for its derivatives, integrals, and so on are given by the 
classical ones. For the space coordinates, however, the situation is somewhat 
different, since their derivatives, integrals, and so on lead to one- and three- 
dimensional versions of the well-known q-calculus [51]. In this manner we 
obtain space-time structures in which space is discretized but time is still 
continuous. 

Our results so far will then be used to introduce time evolution operators 
in a consistent way. Towards this end we start in SecH] from q-deformed 
Taylor rules for the quantum spaces under consideration. Exploiting the 
algebraic properties of space and momentum variables we finally regain the 
well-known expressions for the time evolution operator. In Sec. [5] this result 
will enable us to formulate q-deformed versions of the Schrodinger and the 
Heisenberg picture in considerable analogy to the undeformed case. Finally, 
Sec. [6] closes the considerations so far by a conclusion before we will take 
them up in part II of this paper. 

2 Algebraic set-up 

This section is devoted to the algebras we are dealing throughout the paper, 
i.e. the braided line and the q-deformed Euclidean space in three dimensions. 
It is our aim to enlarge both algebras by a time element and to derive 
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commutation relations for the generators of the extended algebras. 
2.1 Extended braided line 

Let us recall that the algebraic properties of quantum groups and quantum 
spaces are completely encoded in their R-matrices, for which we require to 
satisfy the quantum Yang-Baxter equation [17-19]: 



R12R23R12 = -^23^12^23- 



:i) 



If we want to extend the algebra of the braided line by a time element with 
trivial braiding the R-matrix for this space should take the form 



^ki 



/I 0\ 

10 

10 

\0 qj 



(2) 



where q > 1 and i,j, k, I G {0, 1}. Notice that rows and columns of the above 
matrix are arranged in the order 00, 01, 10, and 11. We take the convention 
that the indices and 1 respectively correspond to a time and a space 
coordinate. One can check that the above matrix indeed gives a solution 
to the Yang-Baxter equation (I am very grateful to Alexander Schmidt for 
doing this calculation with Mathematica.). Thus, we refer to it as the R- 
matrix of the so-called extended braided line. 

Next, we would like to find the commutation relations for the genera- 
tors of the extended braided line. Towards this end we first determine the 
eigenvalues of the new R-matrix in ([2]). They take on the values 1,-1, and 
q. The projectors onto the corresponding eigenspaces are then given by 
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The projector P_ can be recognized as q-analog of an antisymmetrizer. 
For this reason, it determines the commutation relations for the extended 
braided hne, i.e. 







x^x^ = x'x^ 



(6) 



where summation over repeated indices is understood. The other two pro- 
jectors lead us to the commutation relations of the exterior algebra of the 
braided line, since the differentials have to fulfill 

{P+)% dX^dX' = 0, {Po)Z dX^dX' = 0, (7) 

or, more concretely, 

dX^dX^ = 0, dX^dX^ = 0, dX^dX^ = -dX^dX^. (8) 

Let us note that the commutation relations of the differentials can alterna- 
tively be written as 



which implies 



dx'dx^ = {p^)%dx^dx^ = -i^iidx^dx^ 



X'dX^ = R%dX^XK 



As next step we introduce partial derivatives by 

d = dX^di, 



(9) 
(10) 

(11) 



where the exterior derivative d obeys the usual properties of nilpotency and 
Leibniz rule, i.e. 

d^ = 0, 

d{fg) = {df)g + f{dg). (12) 
From (jl2l) together with (jlOp it can be shown that we have as Leibniz rules 



d,X^ =6i + R^';x'dk, 



(13) 
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or, more explicitly, 

doX^ = 1 + x^do, 

doX' = X^do, (14) 

diX^ = x^di, 

diX^ = l+qX^di. (15) 

For the sake of completeness, it should be noted that partial derivatives 
satisfy the same commutation relations as quantum space coordinates, i.e. 

ao^i = dido. (16) 

Now, we would like to enrich the algebraic structure by adding a conju- 
gation. A consistent choice is given by 

X0 = X0, 'J0 = X\ (17) 

and 

d^=-do, d'i = -di. (18) 

Applying this conjugation to the relations in (|14|) and (|15|) yields a second 
differential calculus. Its relations read 

doX^ = 1 + X°9o, 

doX^ = x'do, (19) 
diX^ = x^di, 

BiX^ = l + q-^X^di, (20) 
where do = do and di = qdi. In analogy to (fT3|) we have 

d^X^ = 51 + {R-^y^X'dk. (21) 

Last but not least, we would like to say a few words about the quantum 
group coacting on the extended braided line. If we require for the coaction 

P{X')=Ti®X^, (22) 

to be compatible with the algebraic structure of the extended braided line 



2 ALGEBRAIC SET-UP 



7 



the quantum group generators have to be subject to the relations 

fyij rpk rpl _ rpirpj fjkl /oqX 

^kl ^m-'-n — -'-k-'-l ^mni l^^J 

from which it follows that 

r; = (^^ with ah = ha. (24) 

If we have a = a and 6 = 6 the extended braided line even becomes a 
comodule-*-algebra. 



2.2 Extended three-dimensional q-deformed Euclidean space 

As in the previous subsection wc start our considerations from the R-matrix. 
The R-matrix for the three-dimensional q-deformed Euclidean space ex- 
tended by a time element is of block-diagonal form. Its building-blocks 
read [52] 
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Notice that space coordinates are labeled by +,3, or — , while the index 
refers to the time element. 

To get commutation relations for the coordinates in space and time we 
need to know the eigenvalues of the above R- matrix. They are given by 1, 
— q'^, and —1. Thus, the projectors onto the corresponding irreducible 
subspaces can be calculated from the identities 
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(31) 
(32) 
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The projectors P- and P' lead us to the defining relations of the extended 
three-dimensional q-deformed Euclidean space: 



{P-)%X>'X^ 



0, 



iP')Zx'x^ 



0. 



Jkl - Jkl - (^4) 

Written out explicitly, these relations become 

X^X+ = X+X^, X^X- = X'X^, x^x^ = x^x^, 
X-X^ = q^X^X', = g^X+X^, 

X'X-^ - X"^X~ = XX^X^, (35) 

where X = q — q^^. It should be mentioned that under transformations of 
the quantum group SUq{2) the quantum space coordinates X+, X^, and 
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X~ behave hke components of a three-vector, while the time coordinate 
X° transforms hke a scalar. This situation is in complete analogy to the 
undeformed case. 

The exterior algebra to the extended q-deformed Euclidean space in three 
dimensions is defined by the relations 

{P+)% dX^dX' = 0, (Po)li dX^dX^ = 0. (36) 

Prom these relations we obtain 

dX^dX'' = -q\Rso,(3))^'^dX^dX^ 

= -q-\Rsh,^^))cDdX^dX^, (37) 

and 

dX^dX^ = 0, dX^dX^ = -dX^dX^, (38) 

where A,B & {+,3,—}. Notice that RsOq{3) stands for the R-matrix of 
the three-dimensional q-deformed Euclidean space without a time element. 
Furthermore, we took the convention that capital letters like A, B, etc. run 
through (+, 3, - ). 

The commutation relations between differentials of coordinates require 
that the braiding between quantum space coordinates and their differentials 
takes the form 

X^dX'' = qHRso,i3))cD dX^X^, (39) 

or, alternatively, 

X^dX^ = q-\R-sh,(,))^D dX'^X^. (40) 

If the time element is involved we additionally have 

X^dX^ = dX^dX^, X^dX^ = dX^X^, X°dX^ = dX^X°. (41) 

We recommend Ref. [53] if the reader is unfamiliar with the reasonings 
leading to the above relations. 

Now, wc have everything together to introduce partial derivatives. We 
start from the Leibniz rules 

dX^. = {dX^). + X^d., 

dX°. = {dX^). + X^d., (42) 
where the point stands for an additional element. Then we substitute the 



2 AL GEBRAIC SET- UP 



10 



exterior derivative hy d = dX^di and obtain 

dX'diX^ = dX"^ + X^dX'di, 

dX^diX^ = dX^ + X^dX'di. (43) 



Using relations (j39p and (j41jl we are able to switch all differentials to the 
far left: 

dX'diX'' = dX^ + dX'^X^do + q\Rso,{3))cD dX^X'^dB, 
dX'diX^ = dX° + dX'X^di. (44) 

Since the differentials dX^, i G {+,3,0,—}, are linearly independent, it 
follows from the above identities that 

doX^ = X^do, (45) 

and 

ao^o = 1 + X'^do, OaX"^ = XO^A. (46) 

If we apply (I40p instead of (I39p in the above derivation, we arrive at a 
second differential calculus with relations 

dBX^ = S^ + q'HR-l,^^^^)^^^X^dn, 

doX^ = (47) 

and 

doX^ = 1 + X'^do, OaX^ = XO^A, (48) 

where Ba = Q^Oa for A G {+, 3, — } and do = Oq. For the sake of completeness 
let us note that partial derivatives now obey the same commutation relations 
as covariant quantum space coordinates, i.e. 

dod+ = d+do, dod- = d-do, dod^ = 8380, 
d+83 = q^838+, 838- = q^8-83, 

8+8- - 8-8+ = \8383. (49) 

It is rather instructive to write the Leibniz rules out. In doing so, we 
obtain 

8+X^ = X^8+, 
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dsX- = g-'X-^a, 

4X^ = 1 + q~'^X^d3 - q~'^XX+X-d-, 
4x+ = g~^X+4 - g~^AA+X^5_, 

9_X° = X°9_ 
5_X+ = X+5_, 



3 ELEMENTS OF Q-ANALYSIS 



12 



d-X- = l + q-'^X-d^, (56) 

doX'^ = i+x°4, 
doX+ = x+ds, 

doX^ = X^o, 

BqX- = X'd, (57) 

where we set, for brevity, X+ = q + . 

It remains to introduce a conjugation being compatible with the algebraic 

structure presented so far. To this end, wc need the quantum metric of the 
three-dimensional q-deformed Euclidean space. Its explicit form can be read 
off from the projector Pq, as it holds [31] 

{Po)^D = -E^a^^'acD. (58) 

g gEF 

In this manner, one can verify that the non-vanishing entries of qab and 
g'^^ are given by 

9-^'=g+- = -q, 9~+ = 9-+ = -q-\ 3^^=333 = !. (59) 

With the three-dimensional quantum metric at hand we are able to write 
down the conjugation properties of coordinates and partial derivatives in a 
rather compact form: 

X^ = XA = gABX^, d^=-d^ = -g^^dB, (60) 

and 

X^ = X°, d^=-do. (61) 



3 Elements of q-analysis 

In this section a q-deformed version of analysis is given to the extended 
braided line and the extended q-deformed Euclidean space in three di- 
mensions. Especially, we present expressions for computing star products, 
braided products, q-translations, operator representations of partial deriva- 
tives, q-integrals, and q-exponentials. With this toolbox of essential ele- 
ments of q-analysis we are in a position to formulate quantum mechanics on 
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the quantum spaces under consideration. Finally, it should be noted that 
the reasonings in this section are mainly based on the ideas developed in 
Refs. [17,20,30,44-50,54-58]. 

3.1 Extended braided line 

First of all, let us mention that the product on the extended braided line 
is the commutative one. This observation follows from a short look at the 
commutation relations in Eq. ([6]). However, if we want to commute functions 
living in distinct quantum spaces things become slightly different. In this 
respect, let us recall that the commutation relations between generators of 
different quantum spaces are determined by the R-matrix or its inverse, i.e. 

X' Qi Y'J = {\® X'){J'J ®\)= R%Y^ ® X\ (62) 

and alternatively 

X' Ql Y^ = (1 ® X'){Y^ ® 1) = {R-')%Y^ ® XK (63) 

These relations lead us to braided products for commutative functions, 

fix') Ql 9{y') = q'^y'^^^'giy') ® fix'), 

fix') Ql giy') = q-^'y^^^-'giv') fix'), (64) 

where we introduced the operator 

d 

h^i=x^ — . (65) 
ox'- 

Notice that the partial derivative in Eq. (j65|) is a commutative one. At this 
place it should also be mentioned that throughout this paper we use the con- 
vention to write generators of quantum spaces in capitals, while commutative 
coordinates are written in small letters. (In the case of the braided line the 
identification with a commutative algebra is rather trivial. For q-deformed 
Euclidean space in three dimensions, however, such an identification needs 
some more thoughts.) 

Next, we come to translations on the extended braided line. Translations 
on quantum spaces are described by their Hopf structures. On quantum 
space generators these Hopf structures become 

Al(X°) = X°(»1 + 1®X°, 
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Sl{X^) = -AX\ 

edX') = 0, (66) 



and 



Ai{X^) = X°O1 + 10X°, 
Ai{X^) = X^^l + A®X\ 

S^{X^) = 

S-l{X^) = -A-^X\ 

ei{X^) = 0, (67) 

where A stands for a unitary scaling operator subject to 

AX^ = X°A, AX^ = qX^A, 

Ado = A^o, A5i = q-^Adi. (68) 

This scaUng operator and its inverse can be viewed as generators of a Hopf 
algebra denoted by H. The corresponding Hopf structure reads 

A(A) = A®A, S{A)=A-\ e(A) = l. (69) 

To proceed any further we need the algebra morphisms and 
defined by 

W^^((XO)"o(Xi)"i (8) /i) = (ar°)"o(xi)"i e{h), (70) 

W^i(/i® (XO)""(Xi)"i) = e(/i)(x°)"«(xi)"i. (71) 
With these mappings at hand we are able to introduce the operations 

fi^' ®L/L y') ^ mi' ® Wl ') ° (72) 
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fieL/L^l^i^R^SL/lW- (73) 
Repeating the same steps already applied in Ref. [48] one can show that 

!'')=EU]{;i(a7) (oJ-O'W). (74) 

and 

/(e^X*)=g-Kl(V-l)/(_x^), (76) 

/(e^x*) = gKi(".i-i)/(-x^). (77) 

Notice that the expressions in (j74p and (j75p use the so-called Jackson deriva- 
tives [59] 

^""^^ (g'^-l)x^ ' ^^^^ 
Furthermore, the so-called antisymmetric q-numbers are given by 

1 an 

fc=0 ^ 

and their factorials are defined by 

[[n]],J^[[%a[[2]]^....{[n]]^., [[0]],J^1. (80) 

Now, we would like to turn our attention to operator representations of 
partial derivatives. From the q-deformed Leibniz rules in (jl4p and (jlSp as 
well as those in (|19p and (|2Up we can derive right and left actions of par- 
tial derivatives on the algebra of quantum space coordinates. To this end, 
we repeatedly apply the Leibniz rules to the product of a partial deriva- 
tive with a normally ordered monomial of coordinates, until we obtain an 
expression with all partial derivatives standing to the right of all quantum 
space coordinates, i.e. 
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Taking the counit of all partial derivatives appearing on the right-hand side 
finally yields the left action of 5*, since we have 

> (X0)'=«(xi)'=i)e(aj2)) = d'> (82) 

Right actions of partial derivatives can be calculated in a similar way if we 
start from a partial derivative standing to the right of a normally ordered 
monomial and commute it to the left of all quantum space coordinates. 
Instead of (EH) and (Ell) we have 



(^0)fco(^i)fei5i = dl^^{{X^f°{Xy^ <dl^), (83) 

and 

e(ai2))((X°)'=»(Xi)'^i = (X°)'="(Xi)'=i ^a*. (84) 

These reasonings show us a method to calculate explicit formulae for the 

action of partial derivatives on normally ordered monomials. From these 
results we can finally read off the operator representations 

d,>fix^) = Dlfix^), (85) 
do>f{x') = -^f{x'), 

di>f{x')=Dl^,f{x'), (86) 



and 



f{x^)<do = -^f{x'), 

fix')<d, = -Dl^f{x'), (87) 

f{x')<ido = -^f{x'), 
f{x')<di = -Dlf{x'). 



With these formulae at hand it follows at once that 



df{x') = dx^dj \> f{x') = 
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for all a,b e C. Notice that the above condition characterizes functions 
being constant from the point of view of q-deformation. 

Next, we come to integrals on the extended braided line. (For the 
different approaches to introduce integrals on q-deformed spaces see also 
Refs. [39,46,50,55,58,60-63].) Integrals can be recognized as operations 
being inverse to partial derivatives. Thus, we first try to extend the algebra 
of partial derivatives by introducing inverse elements. In doing so, we get 
as additional relations 

(ao)-'5o = ao(ao)-i = i, 
{di)-'di = diidi)-' = 1, 
ido)-'di = di{do)-\ 
{di)-'do = do{di)-\ 

{do)-\d,)-' = {di)-\do)-\ (90) 

As next step we search for representations of the inverse partial deriva- 
tives that fulfill the above relations. It should be obvious that they are given 

by 



(5o)-Xo=„>/(^')= / dx''f{x% 

J a 



J a 



and 



f{x^)<{do)-Xo=a = - fdx'fix'), 

J a 

f{x^)<{d,)-t^^^ = HDl-.)-t^^J{x% (93) 
f{x')<{dor'\lo=, = - fdx^ix^ 

J a 

f{x')<{d^)-'\l^^ = -iDl)-'\l^Jix% (94) 
where (Z)*)~^ denotes the Jackson integral operator [64]. For the sake of 
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completeness we would like to give the definition of the Jackson integral. 
For a > 0, g > 1, and > 0, it becomes 

oo 

k=l 

oo 

k=0 

oo 

k=0 
oo 

iDl-a)-T^f = (1 - q-1 (95) 

k=l 

and, likewise for a > 0, g > 1, and < 0, 

CO 

k=l 
oo 

fc=0 

oo 

(Dl-^r'tf = -(1 - 9"'^) J2{q-'''x')f{q~^'x'), 

k=0 

oo 

(^;-^)"T-'oo/ = - Y.(l^'x^)f{q'''x^). (96) 

k=l 

In analogy to the undeformed case we have rules for integration by parts. 
To derive them we start from the Leibniz rules for partial derivatives. These 
Leibniz rules can be read off from the coproducts in (|66|) and (|67p . In this 
manner, we find 

do > ifg) = {do > f)g + f{do > g), 

di > ifg) = {di>f)g + {A> f) {di > g) , (97) 



do>{fg) = {do>f)g + f{do>g), 

di > ifg) = {di>f)g + (A-i > f){di>g), (98) 
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and 

ifg) <ido = f{g < do) + {f< do)g, 

{fg)<idi = f{g<di) + {f<di){g<A), (99) 
{f9)<ido = f{g<ido) + {f<ido)g, 

{fg)<di = f{g<idi) + {f<idi){g<A-'). (100) 

Hitting the above equations with the corresponding integral operator and 
rearranging terms, we get 



{do) '|'o=,>(9o 


>f)9 = 




-{do) ^\lo=^> f{do>9), 


idl)'t. = a>(d. 


>f)9 = 


f9\\ 


-{di)-'\l^^>{A>f){di>g), 


0o)-'|'o=„>0O 


>f)9 = 




- {do)~^\lo=^>f{do>9), 




>f)9 = 


f9\\ 


-{d^)-'\l^^>{A-'>f){d^>g) 


and 








fig<do)<ido)~' 


lb 

1 2:"= a 


fgf'o 


- {f <do)g<{do)'^\lo=a^ 


f{g<di)<{di)~' 


\b _ 
\x^= a 


f9\\ 


-{f<di){g<A)<{di)-X.=a^ 


fig<do)<ido)-' 


lb _ 
\x^=a 


fgto 


- {f<do)g<{do)-'^lo=a^ 


f{g<di)<{di)-' 


lb _ 
\x^= a 


f9\\ 


-{f-<d,){g<A-')-<{d,)-^l^^. 



(103) 



(104) 

Before we can apply these formulae it remains to write down the explicit 
form of the action of the scaling operator. A short glance at the identities 
in ([55]) should tell us that 

A>f{x') = f{x')<A-' = f{x^,qx'), 

> f{x^) = f{x^) < A = /(xO, q-'x'). (105) 

We would like to close this subsection by dealing with dual pairings and 
q-exponentials. In Ref. [54] it was shown that the algebra of quantum space 
coordinates and that of the corresponding partial derivatives are dual to 
each other. The dual pairings are given by 

(/(a,),g(x^-)>^_^ = {f{di)>g{xn)\x.^o = {m)<9{xn)k=o, 
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(/(4),fi(x^))£,^ = (/(4)>5(x^))U. = o = {fm<gix^)U=o, (106) 

{f{x'),g{d,))^j^ = (/(x')^^;(9,))U.=o = {f{x')>g{dj))\9^ = o, 
(/(x^),g(4)>^_^ = (/(x^) ^5(4))U»=o = ifix')>gidj))\a, = o. (107) 
On monomials we get 

{{dor {dir , {xT" i^T' )l,r = ^o![[ni]]g! ^"O'-o^"!''"! , 

((ao)'"« (ai)"i , (XO)™" (X^)™! ^ = no![[ni]]g-i ! ^^o.mo^m.mi ^ ^^^qS) 

and 

((X°)'"»(Xi)"i,(ao)"°(5i)"^)^^^ = (-l)"''+"ino![[ni]]g!5"«'"^»ri''"i, 

((X°)"« (X^)"! , (ao)"° (ai)"^ >^^^ = (-l)"«+"ino![[ni]]g_i ! 5"0,n^0 5nl,"^l , 

(109) 

These equalities can easily be checked by the identities in ([85]) - (j88]) . 

Now, let us make contact with q-deformed exponentials. From an ab- 
stract point of view an exponential is nothing other than an object whose 
dualization is one of the above pairings. In this sense, the exponential is 
given by the expression 

exp(x^|aj) = ^e'^0/a, (110) 

a 

or 

exp(5i|x^) = J^/a®e», (111) 

a 

where {ca} is a basis in the coordinate algebra and {/"} a dual basis in the 
algebra of partial derivatives. 

If we want to derive explicit formulae for q-deformed exponentials it is 
our task to determine a basis of the coordinate algebra being dual to a given 
one of the algebra of derivatives. Inserting the elements of the two bases 
into the expressions (jllOp and (jllip will then provide us with formulae for 
q-deformed exponentials. It should be obvious that the two bases being 
dually paired depend on the choice of the pairing. Thus, each pairing in 
(llOSp and (jlOOh leads to its own q-exponential: 

{fidi),9{x^))L,R =^ exp(x'|9j)^^^. 
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{f{^^),g{x^))^J, ^ eMx%)R,L, (112) 

{f{x^),g{dj))^j^ => exp{di\xnR,L- (113) 

From the results in (jlOSp and (jlOOp we can rather easily read off two dually 
paired bases. Proceeding in the above mentioned way we find 



oo 



no,ni=0 

= ex.p{x^ (S)do) ■expg{x^ 0di), (114) 



oo ^ 

exp(x*|9,)i?,L= E ui 11 , (^T°(^^)"^^(go)"°(gi)"^ 
n,o,ni=o lJJ9"'■ 
= exp(x*' (g) 9o) • exp^i(x^ (g) (?l), (115) 



and 



exp(5.|x^-)^,^= E ,rr 11 , (9o)"°(9i)"^0(x°)"°(x^)"^ 

= exp(5o (g) 2;°) • expq-i(5i (g) x"*^), (116) 
00 ^ 

exp(4|x^)^,Z= E n![fn 11 , (^o)"°(gi)"^ (xr"(^^)"^ 

= exp(5o (8) x°) • exp (9i«)xi). (117) 

3.2 Extended three-dimensional q-deformed Euclidean space 

In this subsection we collect the elements of q-analysis to the extended three- 
dimensional q-deformed Euclidean space. Before we can do so, we first have 
to answer the question how to perform calculations on an algebra of non- 
commutative coordinates - in the following denoted by Aq. This can be 
accomplished by a kind of pullback that transforms operations on the non- 
commutative coordinate algebra to those on a commutative one. For this to 
become more clear, one should realize that the non-commutative coordinate 
algebra we are dealing with satisfies the Poincare-Birkhojf- Witt property. It 
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tells us that the dimension of a subspace of homogeneous polynomials has 
to be the same as for commuting coordinates. This property is the deeper 
reason why monomials of a given normal ordering constitute a basis of the 
non-commutative algebra Aq. Due to this fact we can establish a vector 
space isomorphism between Aq and a commutative algebra A generated by 
ordinary coordinates 

W:A — >Aq, 
Wiix^' . . . (x")^") = iX^' . . . (X")*". (118) 

This vector space isomorphism can even be extended to an algebra iso- 
morphism by introducing a non-commutative product in A, the so-called 
star product [65-67] . This product is defined via the relation 

W{f®g) = W{f)-W{g), (119) 

being tantamount to 

f®g = W-\W{f)-Wig)), (120) 

where / and g are formal power series in A. 

In the case of the extended three-dimensional q-deformed Euclidean 
space it is convenient to work with the normal orderings 

W ((a;°)"o(x+)"+(x3)"^(a;-)"-) = (X0)"»(X+)"+(X3)"3(x-)"-, (121) 

and 

W ((x°)"°(x+)"+(x^)"3(x-)"-) = (X°)"o(X-)"-(x3)"3(X+)"+. (122) 
The star product corresponding to the first choice takes the form [44] 



oo 



3\2k 



f{x^)®g{x^) = ^A^^±^g2(n,3V + ".-".3) 



X {D-,ff{x').{D+fg{yi) , (123) 



and likewise for the second choice, 

m] 



f{x^)®~g{x^) = ^(-A)'^i^g-^("^3%+ + "-%3) 



A;=0 
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X 4) W) • {D-_,f~g{y^) . (124) 

y 

Notice that the tilde on top of the symbols for the functions shall remind 
us of the fact that the star product refers to the algebra homomorphism 
W. Extending the three-dimensional q-deformed Euclidean space by a time 
element does not really change the operator expressions for the star product. 
This observation is a consequence of the fact that the time element is central 
in the algebra of quantum space coordinates. 

In very much the same way as was done for the braided line we can 
calculate actions of partial derivatives on normally ordered monomials by 
applying the commutation relations in (I50p -()57p. By means of the algebra 
isomorphisms (jllSp these actions carry over to commutative functions, i.e. 
we have 

d,>W{f)=W{d,>f), feA, 

W{f)<d, = W{f<di), (125) 

or 

d,>f = w-^{di>w{f)), 

f<di = w-^{yv{f)<di). (126) 

In the work of Ref. [45] we derived operator representations of q-deformed 
partial derivatives by applying these ideas. The results for the q-deformed 
three-dimensional Euclidean space can easily be modified to include the time 
element and the corresponding partial derivative Oq. In doing so we get 

^o>/ = ^/, 
d+>f = D+f, 
d3>f = Dl,f{q^x+), 

d->f = D-J{q^x^) + Xx+{Dl,ff. (127) 

The expressions for the other types of actions of partial derivatives follow 
from the above formulae by applying the substitutions 

f<dr<^'f<d^, (128) 
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and 



di>f < — > f<d-i, 



(129) 



where the symbols '4—!^'' and respectively denote transitions via the 
substitutions 



Dp^D^_^, x^^x^, q^q-\ (130) 



and 



Dfa^D^a, x^^x^. (131) 



Notice that in (11280 and (I129p we introduced a conjugate index with 



Now, we come to integrals for the extended three-dimensional q-deformed 
Euclidean space. For this reason we enhance the algebra of partial deriva- 
tives by introducing inverse elements. The additional relations then read 





= d^idi)-' = 


1, 




= d,{do)-\ 






= do{di)-\ 


i G {+,3,-,0}, 




= q^'d±{ds) 


-1 






-1 


(5+)-^a_ 


= a_(5+)-i 











As a next step we would like to find representations for the inverse partial 
derivatives. From a short glance at (|127p it should become obvious that 



(+,3, 



0) = (-,3,+,0). 



(132) 





/, 



(^3) 



>/ = P?3) 



,3 x-ll'' 



f{q-^x+). 



(134) 



It remains to derive the representation corresponding to (9_) ^. To 
this end, the representation of d- is divided up into a classical part and 
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corrections vanishing in the undeformed Hmit g — > 1, i.e. 

a_>/ = (a_)ci/ + (a_)eor/, (135) 

where 

(a_)ei/ = D-J{q^x'), (a_)cor/ = Ax+(Dj.)'/. (136) 
Then we can proceed as fohows: 

^^"^ '"^^ (d-U + (d^uJ ^ (9_)ci (1 + {d^)~,Hd-)cor) ^ 

' f 



oo 



k=0 
oo 



k=0 

In complete analogy to the correspondences in (|128p and (jl29p the other 
types of representations follow from the above formulae by applying the 
transformation rules 

f<id,)-' f<,{d^)-\ (138) 

and 

{d,)-Hft^ J<{d^)-\ (139) 

Next, we would like to concern ourselves with q-translations on the three- 
dimensional q-deformed Euclidean space. We already mentioned that the 
Hopf structures on quantum space coordinates imply their translations. For 
the coproducts on quantum space coordinates we have 

Al(X°) =xO(g) 1 + 1^x0, 

Al(X-) = X- (g) I + ^ 

Al(X^) (g) I + (g) + AA+A"^/^L+ , 
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+ q-^X^X+A-y\y\L+f ® X-, (140) 

and 

Ai{X^) =X^^1 + 1®X^, 

Ai{X+) =X+01 + AVV-V2 (g, x+, 

A£(X3) = ® 1 + ^x^ + AA+A^/^L- ® X+, 

Ai{X-)=X-^l + AVVV2 ® X- + g-^AA+AVVV^L- X^ 

+ 9-2a2A+AVVV2(l-)2 (g, X+, (141) 

where L"*", L~, and r denote generators of Uq{su2), while A plays the role 
of a scaling operator with {A = {+, 3, — }), 

AX° = X°A, AX^ = q'^X^A, 
Ado = doA, AdA = q-^OaA. (142) 

The corresponding antipodes take the form 

5l(X°) 
Sl{X-) 
Sl{X^) 
Sl{X+) 

and 

Sl{x') = 
Sl{x+) = 
Sl{x') = 
Sl{x~) = 

We see that coproduct and antipode become rather simple on the time 
element. This observation is a direct consequence of the fact that the time 
element is completely decoupled from position space. For the same reason 



= -AV2rV2x-, 

= -aV2x=^ + (?2aa+aVV/2l+x-, 

= _ Ay\-y^x~ + qXX+A^/^L+X^ 

- /A2A+AV2rV2(i+)2^-^ (143) 



-A-V2^1/2X+, 

- A-V2x3 + q-^XX+A-'/\'/^L-X+, 

- A-V2^-V2jf- + q-^xX+A-'/^L-X^ 

- g-^A2A+A-V2^i/2(i-)2^+_ (144) 
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the Hopf structures on the subspace spanned by the coordinates X^, 
and are identical to those already presented in the work of Ref. [48] . 

It is not very difficult to modify the reasonings in Ref. [48] in a way that 
they take account of the existence of the time element X^. In this manner, 
we can show that the above relations imply 

no «+ ns n- ks 
fco=0 A:+=0 fc3=0 fc_=0 /=0 



fco![[2i]],2!![[A:+]],4![[A;3-/]],2![[A;_]],4! 



and 

oo 



k=0 

^2 



\k 4fc2 jx^X ) 

[[2k]U\ 



X p3^)2fcg2{ni + ni)+n3(2n++2n_+n3-l) J(_^0^ _^+^ _^-2fe^3^ 

(146) 

where 

[[2%2!! = [[2A;]],2[[2(A;-1)]],2...[[2]],.. (147) 

The operator U in Eq. p46|) transforms a function of normal ordering 
X^X^X~ into another function representing the same element but now for 
reversed ordering. Its explicit form was presented in the work of Ref. [45]. 
The expressions corresponding to the other Hopf structures are obtained 
from the formulae in (jl45p and (jl46p most easily by means of the transitions 

f{x'®Ly') fix' ®L y'), (148) 

and 

uifie-Lx')) u-HfieLx')). (i49) 

The tilde again reminds us of the fact that the function refers to reversed 
normal ordering. 

Next, we would like to say a few words about braided products on the 
extended q-deformed Euclidean space in three dimensions. As we know, 
braided products describe how elements of different quantum spaces com- 
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mute. In this sense they are an essential ingredient to formulate multipli- 
cation on tensor products of quantum spaces. The entries £*■ of the so- 
called L-matrix determine the braiding of the quantum space coordinates 
X^, i S {0,-|-,3,— } (if not stated otherwise summation over repeated in- 
dices is to be understood): 

X' QLW = {Ci>w)(^XK (150) 

The explicit form of the L-matrix can be read off from the coproduct on 
coordinates, since it holds 

^l{X')=X'®1 + C]®X^. (151) 

In very much the same way we have 

X'Qiw = (4 >w)® X^, (152) 

and 

Ai{X')=X'^l + jCi®X^. (153) 

These considerations are consistent with the observation that the time 
coordinate X^ shows trivial braiding. In Ref. [49] we presented operator ex- 
pressions that realize braided products for the three-dimensional q-deformed 
Euclidean space on a commutative coordinate algebra. Due to the trivial 
braiding of the time coordinate these expressions carry over to the extended 
three-dimensional q-deformed Euclidean space without any changes. 

Last but not least, we come to dual pairings and q-exponentials. We 
already recalled their definition in Sec. 13. 11 With the results of Ref. [47] it 
is not very difficult to show that 

{{doT"{d.)''-{d3T^{d+y'-,{x°r''{x+y'''+{x^r^x-r-)^^ = 

= Sm.,n.Sm3,nsSm+,n+Smo,nomol [[in+]]g4\ [[m3]]g2! [[m_]]g4!, (154) 

((4)"" (9+)"+ (4)"' 0-r~ , (x°)'^« (x-)™- (x3)'^3 (x+)'"+ )^ ^ = 

= (5m_,n_^^m3,n3 5m+,r^+(5mo,r^o"^o! [["T'+]]g-4! [["i3]]5-2! [["^-]]9-4!, (155) 

and 

((XO)'"o(X+)'"+(x3)'"3(x-)™-,(9o)"°(5_)'^-(93)"^(9+)"+>^^ = 

— |'_i\no+n++n3+n-X 6 S () 

— V "m_ ,n_ '-'m3,n3"m-|-,n-|- '-'mo,rao 
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X mo! [[m+]],4! [[m3]],2! [[m_]],4!, (156) 

— ( _-l\m+n++n3+n- c J\ A A 

X mo! [[m+]],-4! [[m3]],-2! [[m_]],-4!. (157) 

Prom these pairings we can read off the exphcit form of q-exponentials for 
the extended three-dimensional q-deformed Euchdean space: 



exp{x'\dj)jiL 

O'jno (a;+)"+ 

,=0 [["+]]<?^' [[n3]],2! [[n_]],4! 



^ (x°)"P(x+)"+(x3)"=^(x-)"" ® (go)"0(a-)"-(03)"'(g+)"+ 



exp(x*|4)R,L = 

_ ^ (ar°)"°(a;-)"-(x=^)"3(x+)"+ O (go)"°(g+)"+(4)""(^-)"- 
" ^0 [[^+]]«-^' t["3]],-! [[n-]],-4! • ^ 

The expressions for the other exponentials follow from these formulae by 
applying the transformations 

exp{x'\dj)jiL ^ exp(5i|a;^)^^i, 

exp(x*|4)ii,z exp{di\x^)ji^i, (160) 

where the symbol < — ^ denotes a transition between the two expressions via 
one of the following substitutions: 

a) X^ ^ -di, di ^ X\ 

b) X' ^ -di, di ^ X\ (161) 



4 Time evolution operator 

In this section we discuss the question how wave functions on the quantum 
spaces under consideration change in time. First of all, we recall that trans- 
lations on quantum spaces are generated by q-exponentials [17,48,50,54,68]. 
This observation leads us to q-deformed Taylor rules which take the form [50] 



exp(a;^ ®i {QLy^)\dk)R,L t> 9{y^) = 9{x'), 
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exp(x^ ®L {eLy')\dk)R-L > g{y') = g{x'), (162) 

and 

g{y') f exp(4|(e^y^) ®rx')r,l = ^(a^*)- (163) 

For a correct understanding of these expressions see also Ref. [48,50]. 

If the q-deformed Taylor rules shall describe translations in time, only, 
they have to be modified as follows: 

[exp(x* {QLy^)\dk)R,L^> g{y^)]^A^yA= g{y%o=^^, 

d\y 

[exp(x^ ®L {QLy')\dk)R-L > g{y')],A=yA = g{y%o=,o, (164) 

and 

y\_d 

[g{y^) <\ ex.p{dk\{eRy^) ®Rx')R^L]^A=yA = g{y%o=^o, 

[g{y^) < eMdhlieny^) ®Rx')R^L]^^A=yA = g{y%o=,^o, (165) 

where A represents the indices (+,3, — ). In the above expressions we first 
perform a general translation and then require that the space coordinates 
of the translated function take on the same values as the original function. 
Since space and time are completely decoupled from each other the above 
formulae simplify to 

[exp(x° o ^o) ^> g{y")]yo=(f = g{y%o=^o, 

[expix^ ^do)f g{y')]y0^o = giy%o^,o, (166) 

and 

y\_d 

[g{y') < exp(-5o(g)a;°)]j^o=o = 5(y*)|2/0=^o, 

[g{y') f exp(-4 (8) x°)]^o=o = 9{y%o=,o- (167) 

In quantum mechanics the set of values a wave function takes on in 
space at a certain time completely determines the behavior of that wave 
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function at all later times. This requires that time derivatives acting on 
wave functions can be substituted by a linear operator i~^H that acts on 
space coordinates, only, and has the same algebraic properties as the time 
derivative Oq. 

In this manner, it should be clear that for the time evolution operator 
we have 



X'^,t) =UL{t,t' ■ 


= 0)>(/)(x^,t' 


= 0) 




= Ui{t,t'. 


= 0) >0(a;^,t' 


= 0) 








= 0) 




= 4>{x^,t' 


= 0)<UR{t, t' 


= 0), 


(168) 



where 

ULit, t' = 0)= Uiit, t' = 0) = cxp{-t eg) iH), (169) 
Unit, t' = 0)= Ujiit, t' = 0)= exp{iH 1). (170) 

We see that the time evolution operator is of the same form as in the un- 
deformed case. In the remainder of this section we collect basic properties 
of the time evolution operators. This is mainly done for the purpose of 
providing consistent notation. 

First of all, we are seeking operators U~^{t,t' = 0), 7 G {L,L,R,R}, 
with 

Uj{t,t' = 0)U-^{t,t' = 0) = 1, 

U-^{t,t' = 0)Uj{t,t' = 0) = 1. (171) 
One readily checks that 

U-\t, t' = 0)= Ua{-t, t' = 0) = exp(i ® iH), (172) 
U^\t, t' = 0)= Upi-t, t' = 0)= exp(-ii7 ® t), (173) 

where a G {L, L} and /3 G {R, R}. As a direct consequence of these identities 
we have 

(l){x^, t' = 0) = U-^it, t' = 0)t> 0(x"^, t) 

= 4>{x^,t) <iU0^{t,t' = 0). (174) 
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The operators ^{t, t' = 0) describe particles traversing backwards in time, 
since we have 

(j){x^,-t) = U-^{t,t' = 0)>(p{x'^,t' = 0) 

= (l){x^,t' = 0)<Up^{t,t' = 0). (175) 

Now, we are in a position to generahze the time evolution operators by 

Ua{t,t') = Ua{t,t" = 0)U-^{t',t" = 0) = exp(-(t - t') O iH), (176) 

Ufi{t,t') =U^^{t',t" = 0)Uf}{t,t" = 0) =exp(-ii/0(t'-t)). (177) 

The new operators tell us how wave functions change under a time displace- 
ment t' ^ t: 

(k{x^,t) =Ua{t,t')>(l){x^,t') =(l){x^,t')<U^{t,t'). (178) 

To prove these equalities one can apply the identities in ()168p and (I174p . 
An essential feature of the time evolution operators in (jl76p and (jl77p is 
the composition property, 

Uo,{t,t')=uut,o)ii-\t',o) 

= Ua (t, 0) U^^ {t", 0) Ua {t", 0) {t', 0) 

= Ua{t,t")Ua{t",t'), (179) 

and 

U^{t,t')=U^\t',0)U^it,0) 

= U^\t', 0) U^it", 0) U^^ {t", 0) Uf3{t, 0) 

= Uf,{t",t')Uf,{t,t"). (180) 

Next, we would like to consider operators l/{~^{t,t') being subject to 

U^{t,t')U-\t,t') =U-\t,t')U^{t,t') = 1. (181) 

They are given by 

U-\t,t') =Ua{t',t" = 0)U-\t,t" = 0) =Ua{t',t) 

= Ua{-t, -t') = exp((t - t') O iH), (182) 
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U^\t,t')=Up\t,t" = 0)Uf3{t',t" = 0)=Upit',t) 

= Up{-t, -t') = exp(ii? (g) [t' - t)). (183) 

These operators reverse the time displacement t' — > t: 

0(x"^,t') =U-^{t,t')t>^{x^,t) = ^{x^,t)<U^^{t,t'). (184) 

Last but not least we would like to mention some simplifications. Let 
us recall that the time coordinate shows trivial braiding. Thus, the tensor 
products in the expressions on the right-hand side of (|176p and (jl77p can be 
omitted. Concretely, we can make the identifications 

exp(t (g) \H) = exp{iH (g) t) = exp(iii"t), (185) 

and 

U{t,t')=Ua{t,t')=Upi-t,-t') 

= U-\-t,-t')=U^\t,t'), (186) 

where 

U{t, t') = exp{-iH{t - t')). (187) 

It is obvious that the operator U{t, t') becomes unitary, if the Hamiltonian 
H is assumed to be Hermitian: 

U-^{t, t') = U{-t, -t') = U{t\ t) = U\t, t'). (188) 

5 Schrodinger and Heisenberg picture 

In the last section we found that the time evolution operator on the quantum 
spaces under consideration is of the same form as its undeformed counter- 
part. For this reason we should be able to introduce the Heisenberg and the 
Schrodinger picture on our quantum spaces along the same line of reasonings 
as in the undeformed case (see for example Ref. [69]). 

To begin with we derive differential equations for the time evolution 
operators. We have 

doiuLit^t') = dQiuL{t,Q)ui\t' 

= do> exp(-t (g) iH) U^^{t', 0) 
= exp(-t O iH) i-iH) U^^{t', 0) 
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= -iH exp{-t <g) iH)Uj;^{t' ,0) 
= -iHUL{t,0)U£\t',0) 

= -iHUL{t,t'), (189) 

and, likewise, 

Unit, t') <do= U^Ht', 0) Unit, 0) < Bq 

= U]^^{t', 0) exp{iH 0t)<ido 

= U^^{t', 0) i-iH) exp(ii7 ® t) 

= U^^{t', 0) exp{iH t) {-iH) 

= Unit, 0) i-iH) 

= Unit, t') i-iH). (190) 

In this manner, we find that 

idoiui{t,t') = HUi{t,t'), (191) 

and 

UR{t,t')<(\do)=UR{t,t')H, 

Ufi{t, t') ^ (i9o) = Ufi{t, t')H. (192) 

The above equations, which are often referred to as Schrodinger equa- 
tions of the time evolution operator, correspond to different geometries. 
However, from the considerations so far one can conclude that the equations 
in (I19ip and (jl92p are not really different from each other. Thus, the reader 
may think that such a distinction is unnecessary. But this is not the case, 
since the realization of the Hamiltonian often depends on the choice for the 
geometry. 

It should also be mentioned that the differential equations in (jl9ip and 
()192p are equivalent to the integral equations 

Z^„(t, t') = l-i [ dt" HUa{t", t'), 
Jt' 

Up{t,t') = l + i [ dt"Up{t",t')H, (193) 
Jt' 
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if we require 

U^{t,t) = l. (194) 

Formal solutions are given by 

°° ft ftl ftn-l 

Ua{t, t') = l + y] i"" dh dt2... dtn H{h)H{t2) . . . H{tn), 

^ Jt' Jt' Jt' 

Up{t, t') = l + Y^ i" / , dti / dt2... dtn H{tn)H{tn-l) ■ • • ^^"(^1). 

(195) 



n=l 



and 



Let us recall that in the Schrodinger picture wave functions vary with 
time, while observables like X* and are fixed in time. We obtain the 
equations of motion in the Schrodinger picture by combining (jl78p with the 
equations in (jl9ip and (jl92p . Proceeding in this manner yields 

i9o > <A(a;^, = ido>UL{t, t') > ^{x^,t') 

= HUiit, t') > 0(x^, t') = H> ^{x^, t), (196) 

ido I ^{t, x^) = idoluiit, t') > ^{x^,t') 

= HUi{t,t')\><t){x^,t') = H^^{x'^,t), (197) 

^{x^, t) < (i9o) = (t){x^,t') < Unit, t') < do 

= <j){x^,t') < Unit, t')H = cpix"^, t) < H, (198) 

(/.(x^, t) k (i9o) = 0(x^, t') < Uj^{t, t') I (iOo) 

= (t)[x^,t') < Uf^it, t')H = (jiix"^, t) I H. (199) 

Next, we would like to discuss the implications of these equations on 
the time dependence of transition amplitudes and expectation values. To 
this end, we first introduce sesquilinear forms on the quantum spaces under 
consideration. In analogy to the undeformed case they can be defined by [70] 

+00 



(/,<7>^^ / d';xf{x^,t)®g{x^,t) 



00 
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+°° t,x. 



{f,g)'^ <P,xf{x^,t)®g{xB,t), (200) 



where again 7 G {L, L, ii, i?}. For the integrals over the whole space we have 
to insert the expressions [46,48,50] 



(i) (braided line) 

/+00 
-00 

/+00 
dRxf{x^,t), (201) 
-00 

/+00 
d£X/(x^t) = (Z)l_0-Too/ 

/+00 
dRxf{x^,t), (202) 
-00 

(ii) (q-deformed Euclidean space) 



00 



-00 



00 



" + 00 



/+00 
d\xf{t,x^), (203) 



4x/(x^t) = ^(^- .)-roo(^^)-Too(^^)^roo/ 



/ + 00 
dixf{x^,t), (204) 
-00 

However, there is one difficulty we have to overcome here. The con- 
jugation properties of q-deformed integrals are responsible for the fact 
that the sesquilinear forms in (|200p are not symmetrical [50,70]. To 
circumvent this problem one can take the sesquilinear forms 

■n 

(/,<7>2-^((/,5)z + (/>5>J, (205) 



5 SCHRODINGER AND HEISENBERG PICTURE 



37 



i 

</,5>;-|«/,5>i + </,5>;,). (206) 

Clearly, all information on the time development of a sesquilinear form 
is contained in the time dependence of its arguments. Normally, the time 
evolution operators are unitary, so sesquilinear forms of two wave functions 
should not vary with time. In complete analogy to the undeformed case we 
have (i = 1, 2) 

r+oo 



/ + 00 ( ^ 

d^x<p{x^,t)®ijix'',t) 
-oo 

/+00 ( ^ 
dfxUit, t') > (f){x^, t>) ® {U{t, t') > ^{x^, t')) 
-oo 

/+00 j ^ 

dfx{(f){x^,t')<U\t,t')) ® {U{t,t')>tp{x^,t')) 
-oo 

/+00 ^/ 3, 
d2x(l){x^,t') ® {U-\t,t')U{t,t') >^l;{x^ ,t')) 
-00 

/+00 
d2x(t}{x^,t') ® ^ix^,t') 
-00 

/+00 ^ 
d^x 0(x^, t' = 0)® ip{x^, t' = 0) 
-00 

= <'^'^)Jt=o. (207) 



where, for brevity, we introduced 

-00 -n , z^+oo /"-foo 



/+00 -n , p+00 r-too 

d1x^-i dlx+ dlx), 

/+00 - n . (-+00 r+OD 

d^x^-( dlx+ dlx). (208) 

-00 ^ J —00 J— 00 ' 



Similar arguments lead us to 



i,)'.= \ d^xct>{x^,t)®^P{xB,t) 

J —00 

/+00 J/ 3, 

d2xcl){x^,t') ® V'(x^,i') 
-00 
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+00 

A .1 



(Six (/>(x^, t' = 0) ® ^(x^,t' = 0) 

= {^'^)-Lo. (209) 

Wee see that on the quantum spaces under consideration wave functions 
keep their normahzation, i.e. the equalities 

('A>'^),. = 1' (210) 

or 

('A,'A>;. = i, (211) 

remain unchanged as time goes by. 

Next, we turn attention to matrix elements of observables and examine 
their time development. With the same reasonings already applied in (|207p 
we obtain 



-00 

°o t,x 



dlxU{t,t')>(j)ix'^,t') ® (0>{U{t,t')>i){x^ ,t'))) 



-00 

°o t',x 



dlx(j){x^,t') ® {U'\t,t')OU{t,t')>i}{x^,t')) 



-00 
00 



(i^x0(x^,O) ® {U'\t,0)dl({t,0)>i:{x^,0)). (212) 

00 



Repeating the same steps for the sesquilinear forms with apostrophe we get 

/OO j-l ^ 

d:ixi<pix'',t')<uit,t')d'u-\t,t')) ® ijixB,t') 
-00 



dlx{(P(x'^,0) <U{t,0)O'U-^{t,0))®ip{x^,0). (213) 

The above reasonings show us that the Heisenberg picture can indeed be 
introduced in very much the same way as is done in the undeformed case, 
i.e. we define the Heisenberg picture observable by 

Oh =U'^it,0)dU{t,0), O'jj =U{t,0)d'U-^{t,0), (214) 
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while the corresponding wave functions are independent from time: 

<j>Hix^) = (l>{x^,t = 0). (215) 

It should be obvious that this convention leads to the same matrix elements 
and expectation values as in the Schrodinger picture. 

In the Heisenberg picture time evolution is assigned to observables and 
not to wave functions. Thus, the equations of motion do not concern wave 
functions but observables. Realizing that the time derivatives on the quan- 
tum spaces under considerations coincide with those on commutative spaces 
we regain the well-known Heisenberg equations of motion, i.e. 

= iHU-^{t,0)dU{t,0) - U-\t,0)dU{t,0)iH 

= i[H,dH], (216) 

at dt ot 

= -iHUit,0) d'U-^{t,Q) + U{t,Q) d'U-^it,0) iH 

= i[d'H,H], (217) 
where we assumed the Hamiltonian to be time-independent. 

6 Conclusion 

Let us end with some comments on what we have done so far. In this article 
we enhanced the algebras of braided line and q-deformed three-dimensional 
Euclidean space by adding a time clement. This was done in a way be- 
ing consistent with the existing algebraic framework. We were then able 
to apply our reasonings about constructing q-deformed analogs of classical 
analysis. We saw that the time element is completely decoupled from space 
coordinates and behaves like a commutative variable. In doing so, wc arrived 
at mathematical structures in which space is discretized while time is still 
continuous. The clear distinction between space and time made it easy to 
develop the basics of a q-deformed analog of non-relativistic Schrodinger the- 
ory. Fortunately, we could apply the same reasonings as in the undeformed 
case, to which our results tend in the limit q ^ 1. 

Especially, we found that the time evolution operators are of the same 
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general form as their undeformed counterpart, i.e. they can again be ob- 
tained by exponentiation of a Hamiltonian. The Schrodinger and the Heisen- 
berg picture could be developed in a rather straightforward way and apart 
from the fact that we have different q-geometries we could regain the well- 
known equations of motion, i.e. the Schrodinger and the Heisenberg equa- 
tions. In this manner, we laid the foundations for discretized versions of 
non-relativistic quantum mechanics that do not lack space-time symmetries. 

Based on the reasonings of part I we will continue this program in part 
II of our paper. In this respect, let us point out that compared to other 
quantum spaces, like the q-deformed Minkowski space, extended braided 
line and extended three-dimensional q-deformed Euclidean space provide 
a rather simple arena for studying the implications of q-deformation on 
quantum mechanics and quantum field theory. 

Last but not least, we would like to say a few words about q-deformed su- 
peranalysis on the braided line, since this subject has not been treated up to 
now. To this end we have to consider the antisymmetrized space determined 
by relation ([8]). (However, we are mainly interested in the subspace that is 
spanned by the q-deformed Grassmann variable 6^ subject to (9^)'^ = 0.) In 
the work of Refs. [53,68] it was described how to construct superanalysis on 
q-deformed quantum spaces. It is rather easy to apply these ideas to the 
antisymmetrized braided line. In what follows we give a short review of the 
results of this undertaking. 

If we require for the differential d = d6^{dg)i to hold 



the Leibniz rules for the two differential calculi on the antisymmetrized 
braided line become 



= 0, 

difg) = {df)g - f{dg) 



(218) 



ide)k 




(219) 



where 





(220) 



Especially, we have 



(dehe^ = 1 - qe\de)i 




(221) 
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For supernumbers of the form 

f{0') = f' + fi0\ /',/ieC, (222) 
the actions of antisymmetric partial derivatives take the form 

ide)i>f{e') = ide)i>f{e') = fu (223) 

and 

f{e') < {de)i = f{e') < (4)i = -/i. (224) 

In complete analogy to the undeformed case integration and differentia- 
tion are the same on q-deformed antisymmetrized spaces : 

J dLe'f{e') = {de)i>f{e') = h, 

I dL0'f{9') = 0e)i>f{9') = fi, (225) 

J dRe'f{e') = fie')<ide)i = -fi, 

I d^9' f{e') = f{9^) < {de)i = -h. (226) 

Following the ideas in Ref. [68] translations of q-deformed Grassmann 
variables are determined by their Hopf structures, for which we have 

/^L{e^) = ® I + Ar^ ® e\ 
SL{e') = -A-^e\ 

eiie') = 0, (227) 

and 

A£(0*) = 6' ®i + k®e\ 

eiiO') = 0, (228) 
where the unitary scaling operator A has to fulfill 

AO' = -q^'^e'A, A{de)i = -q-^'' {de)iA. (229) 
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The above Hopf structures then induce the operations (for the details see 
Ref. [68]) 

f{0' ®L i'') = f{e' 01 =f' + fi{0' + ^^), (230) 

and 

f{eLe') = f{eL9') = f'-h9\ (231) 

For the sake of completeness let us note that from the coproducts in 
()227p and ()228p we can read off the explicit form of the L-matrices for the 
Grassmann variables 0*, i = 0,1. As soon as we know the action of the 
scaling operator A on a given element w the L-matrices provide a simple 
method to calculate the braiding of q-deformed Grassmann variables with 
w (see also Ref. [53]). 

In complete analogy to the symmetrized braided line we can introduce 
dual pairings for the antisymmetrized braided line. For normally ordered 
monomials we find as non-vanishing pairings 

{idohe^)l^,, = 5i, (232) 

{e^,{de)i)^^j, = -6i, (233) 

and 

{{deUde)o,0^e')^^^ = l, (234) 

(^^^°,(90)o(4)i>£,^ = l. (235) 

On the subspace spanned by 9^ these pairings correspond to the expo- 
nentials 

exp(ei|(5e)i)R,i = l + ^'®(9e)i, 

eMO'\{de)i)R,L = 1 + 0' (4)i, (236) 

eM{de)i\0')RL = 1 - ide)i ^ 0\ (237) 
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which, in turn, give rise to the q-deformed delta functions 



R,L 


= m 


R,L 


= Vl 


R,L 


= Vl 


R,L 


= m 



(238) 



(239) 
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